MINIMAL MODELS FOR KAHLER THREEFOLDS 
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o 

^Nj ' Abstract. Let X be a compact Kahler threefold that is not uniruled. 

» I , We prove that X has a mininial model. 

< 

in 

1. Introduction 

V^ . The minimal model program (MMP) is one of the cornerstones in the clas- 

■^ \ sification theory of complex projective varieties. It is fully developed only 

(-H ■ in dimension 3, despite tremendous recent progress in higher dimensions, in 

particular by |BCHM10| . In the analytic Kahler situation the basic methods 
from the MMP, such as the base point free theorem, fail. Nevertheless it 
seems reasonable to expect that the main results should be true also in this 
more general context. 

^ , The goal of this paper is to establish the minimal model program for Kahler 

Cn ' threefolds X whose canonical bundle Kx is pseudo-effective. To be more 

^^ . specific, we prove the following result: 

^'. \ 1.1. Theorem. Let X he a normal Q-factorial compact Kahler threefold 

^T . with at most terminal singularities. Suppose that Kx is pseudo-effective or, 

equivalently, that X is not uniruled. Then X has a minimal model, i. e. there 

exists a MMP 

X —^ X' 



C^ 



O 
m 



^ I such that Kx' is nef. 



C^ 



If X is a projective threefold, this statement was established by the sem- 
inal work of Kawamata, Kollar, Mori, Reid and Shokurov [ Mor791 IMor82| 
IRei83l lKa^84il IKaw84bl IKol84l [Sho85l IMor88l IKM92J . Based on the de - 
formation theory of rational curves on smooth threefolds |Kol91bl IKol96| . 
Campana and the second-named author started to investigate the existence 
of Mori contractions |CP971 IPet98| IPetOl] , Nakayama ^Nak02j proved the 
existence of an (even good) minimal model for a Kahler threefold of algebraic 
dimension 2. 
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The equivalence of X being non-uniruled and Kx being pseudo-effective for 
a threefold X is a remarkable result due to Brunella |Bru06) l|. This settles in 
particular the problem of the existence iiTx-negative rational curves in case 
Kx is not pseudo-effective. If Kx is pseudo-effective, but not nef, ad hoc 
methods provide i^'x-negative rational curves, as we will show in this paper. 
One main step in the MMP is the construction of extremal contractions, 
which in the projective case follows from the base-point free theorem. In the 
Kahler case we need a completely different approach. 

Restricting from now on to varieties X with Kx pseudo-effective, we consider 
the divisorial Zariski decomposition |Bou04] 

r 

Kx = Y.XjSj+N{Kx). 
i=i 
Here N{Kx) is an R— divisor which is "nef in codimension one". If Kx\s- is 
not pseudoeffective we use a (sub-) adjunction argument to show that Sj is 
uniruled. We can then prove that Kx is not nef (in the sense of |DPS94| ) if 
and only if there exists a curve C C X such that Kx • C < 0. In Section Owe 
show how deformation theory on the threefold X and the (maybe singular) 
surfaces Sj can be used to establish an analogue of Mori's bend and break 
technique. As a consequence we derive the cone theorem for the Mori cone 
NE(X) (cf. Theorem [OD. 

However the Mori cone NE(X) is not the right object to consider: even if 
we find a bimeromorphic morphism X —^ Y contracting exactly the curves 
lying on some Kx-^egative extremal ray in NE(X), it is not clear that 1" is a 
Kahler space. However it had been observed in |Pet98| that the Kahler could 
be preserved if we contract extremal rays in NA(X), the cone generated by 
positive closed currents of bidimension (1,1). Based on the description of 
NA(X) by Demailly and Faun [DP04J . we prove the following cone theorem: 

1.2. Theorem. Let X be a normal Q-factorial compact Kahler threefold 
with at most terminal singularities such that Kx is pseudoeffective. Then 
there exists a countable family (rj)jg/ of rational curves on X such that 

< -Kx • Ti < 4 

and 

7Vl(X) = 'NA{X)k^>o + 5^M+[ri] 

We then proceed to prove the existence of contractions of an extremal ray 
M^[rj]. If the curves C <Z X such that [C] G M"'"[rj] cover a divisor S, we 
can use a generalisation of Grauert's criterion |Gra62| by Ancona and Van 
Tan |AT84| . If the curves in the extremal ray cover only a 1-dimensional set 
C (i.e. the contraction, if it exists, is small), the problem is more subtle. 
By Grauert's criterion it is sufficient and necessary to find an ideal sheaf 



If X is projective this is known in arbitrary dimension by [BDPP04] . 
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X C Ox such that the conormal sheaf XjlP' is ample and has support on 
C . In practice it is very difficuh to compute the conormal sheaf, even for 
the reduced curve C . However since the curves in C belong to an extremal 
ray there exists a nef and big cohomology class a which is zero exactly 
on the curves in M"'"[rj]; the class a is the analogon of the nef supporting 
divisor in the projective case. Considering once again the divisorial Zariski 
decomposition Kx = Yl^i=i ^j'^j + ^{Kx) we now make a case distinction. 
If there exists a surface Sj such that Sj-C <Q this gives one direction where 
the conormal sheaf X/X^ is ample. Moreover we prove that a\s- is nef and 
big, so an application of the Hodge index theorem yields another direction 
where X/X"^ is ample. 

Thus we are left with the case where N{Kx) • C < 0. If X is projective, 
Nakayama |Nak041 HI, 4.b] gives a very short argument: if H is an ample 
divisor, some multiple of the class N{Kx) + £H with < e ^ 1 gives 
a linear system without fixed component, so C is contained in a lei curve 
having ample conormal bundle along C, so we conclude as in the first case. 
In the non-algebraic case we use again the deep results by Demailly-Paun 
[DP04] and Boucksom [B ou04| to prove that there exists a modification ^ : 
X ^ X and a Kahler form a such that //*a = a. Analysing the positivity of 
the /i-exceptional divisor we construct an ideal sheaf X having the required 
properties. In summary we have proven the contraction theorem: 

1.3. Theorem. LetX be a normal Q^- factorial compact Kahler threefold with 
at most term,inal singularities such that Kx is pseudoeffective. Let IR+[rj] 
be a Kx-negative extremal ray in NA(X). Then the contraction o/M+[rj] 
exists in the Kahler category (cf. Definition VJ.n]) . 

Since Mori's theorem |Mor88| assures the existence of flips also in the analytic 
category, we can now run the MMP and obtain Theorem 11.11 
By |DP031 Thm.0.3] this also implies that the non-vanishing conjecture holds 
for compact Kahler threefolds: 

1.4. Corollary. Let X be a normal Q-factorial compact (non-pro jective) 
Kahler threefold with at most terminal singularities. Then X is uniruled if 
and only if k{X) = — oo. 

Actually we obtain a little more, using |Pet01| : 

1.5. Corollary. Let X be a normal Q-factorial compact (non-projective) 
Kahler threefold with at most terminal singularities. Suppose that Kx is 
nef. Then mKx is spanned for some positive m, unless (possibly) there is 
no positive-dimensional subvariety through the very general point of X and 
X is not binieroniorphic to T/G where T is a torus and G a finite group 
acting on T. 

The remaining problem to solve abundance for Kahler threefolds completely 
is to prove the following well-known 
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1.6. Conjecture. Let X be a smooth compact Kdhler threefold or a nor- 
mal Q-factorial compact Kdhler threefold with at most terminal singularities. 
Assume there is no positive-dimensional subvariety through the very general 
point of X. Then X is bimeromorphic to T/G with T a torus and G a finite 
group acting on T. 

We hope to come back on this problem in a sequel to this paper. 

We end the introduction with a discussion on uniruled non-algebraic Kahler 
threefolds. Here the global bimeromorphic structure is rather simple; as 
usual, a{X) denotes the algebraic dimension. Since X is uniruled and non- 
algebraic, the rational quotient (MRC-fibration) is an almost holomorphic 
map / : X ---> S over a smooth non-algebraic surface S. 

1.7. Theorem. |CPOO| Let X be a smooth compact Kdhler threefold that is 
uniruled and not projective. Then X falls in one of the following classes. 

a) a(X) = and there is an almost holomorphic ¥i—fibration f : X ---> 
S over a smooth surface S with a{S) = 0. 

b) a{X) = 1 and we are in one of the following subcases. 

(i) X is bimeromorphic to Pi x F with a{F) = 0. 
(a) the algebraic reduction X ^ B is holomorphic onto a smooth 
curve B and the general fibre is of the form T{0 L) with L 
a topologically trivial line bundle over an elliptic curve which is 
not torsion. 

c) a{X) = 2, X has a meromorphic elliptic fibration over an algebraic 
surface. 

We expect that the MMP for uniruled threefolds would exhibit a birational 
X' which is a Mori fibre space ip : X' —^ S over a non-algebraic surface S. 

Acknowledgements. We thank the Forschergruppe 790 "Classification 
of algebraic surfaces and compact complex manifolds" of the Deutsche 
Forschungsgemeinschaft for financial support. A. Horing was partially also 
supported by the A.N.R. project CLAS^. 

2. Basic Notions 

We will use frequently standard terminology of the minimal model program 
(MMP) as explained in [KM98| or |Deb01| . In particular we say that a 
normal complex space X is Q-factorial if for every Weil divisor D there 
exists an integer m G N such that Ox{fnD) is a locally free sheaf, i.e. mD 
is a Cartier divisor. 

Somewhat abusively we will denote the cycle space or Barlet space of a 
complex space X by Chow(A). A curve C is a one-dimensional projective 
complex space that is irreducible and reduced. If A is a complex space, we 
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will denote an effective 1-cycle by Yl (^iCi where the Ci C X are curves and 
the coefficients ai are positive integers, unless explicitly mentioned otherwise. 

2.1. Definition. Let X he an irreducible and reduced complex space. A 
differential form uj of type {p, q) is a differential form (of class C°°) of type 
{p, q) on the smooth locus Xnons such that for every point x € -'^sing there 
exists an open neighbourhood x G U C X and a closed embedding ijj '■ U CV 
into an open set V C C^ such that there exists a differential form coy of type 
{p,q) and class C°° on V such that ujv\unXnons = ^\unx,,on.- 

We denote the sheaf of (p, g)-forms by A^'^, the subsheaf of forms with 
compact support is denoted by Ac'"^. We define analogously forms of degree 
r and denote the corresponding sheaf by Ax ■ ^^ denote by A^ x ^^^ sheaf 
of real forms of degree r. For details, more information and references we 
refer to |AG06l p. 181] and |Dem85) . 

Let X be an irreducible and reduced complex space of dimension n. Then 
the notion of a current of degree s (resp. bidegree {p,p) or bidimension 
(n —p, n—p)) is well-defined, see |Dem85| . as well as the notion of closedness 
and positivity. We will denote by T>^''^{X) the space of currents of bidegree 

{p,q)- 

Let now X be a normal complex space and oj a form of type (p, q) on X. 
Let TT : X — )■ X be a morphism from a complex manifold X. The pull-back 
7r*a; is then defined as follows: every point x G X has an open neighborhood 
U admitting a closed embedding ijj : U dV into an open set V C C^ and 
there exists a form ujy on V such that uj \ c/nXnons = ^V I C/nXnons • We can thus 
define the pull-back 'n*oj on ir^'^iU) by setting 

(7r*w)|^-i(f/) := {iuoTT\^-njj^)*u:v 

By |Dem85l Lem.1.3.] these local definitions glue together, so we obtain a 
pull-back map: 

^* : AP'\X) ^ A^'^X). 
In particular if tt is proper, we can define the direct image map 

by setting 

7r,(r)(a;) = r(7r*(a;)) V a; G ^^^'"-^(X). 

The notion of a singular Kahler space was first introduced by Grauert 
|Gra62| . 

2.2. Definition. An irreducible and reduced complex space X is Kahler 
if there exists a Kahler form u, i.e. a positive closed real (1, l)-form uj G 
A^ {X) such that the following holds: for every point x G Xgjng there exists 
an open neighbourhood x G U d X and a closed embedding ijj '■ U C V 
into an open set V C C^, and a strictly plurisubharmonic C°° -function 
f :V ^C with u}\unXnons = ii9df)\unXnons- 
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2.3. Remark. [Var89| 1.3.1] If X is a compact Kahler space and it : X ^ X 
a projective morphism, then X is again Kahler. In particular, X has a Kahler 
desingularisation. A subvariety of a Kahler space is also Kahler. 

3. The dual Kahler cone 

Since we will work on complex spaces which a priori might not be Kahler, 
we will use 55— cohomology. 

3.1. Definition. Let X be a normal complex space. We set 

H]^-^{X) = {w G ^i'i(X) I duj = Q}/ddA\X). 

Given a form w G ^^'-"^(X), its dd-class is denoted by {oj}. 

3.2. Remark. We can also define the 59— class of a d-closed (l,l)-current 
a by saying that a is equivalent to a' if we have 

a = a' + ddf 

with / a current of degree 0. If X is smooth, it is well-known |GH781 p.328ff] 
that this definition yields the same 55— cohomology group. 

Note that if vr : X ^ X is a desingularisation, we have a well-defined pull- 
back 

7r*:Hl!}{X)^Hl^{X), M ^ {vrM- 

Indeed the pull-back of forms commutes with the differential operators d and 
dd j Dem85l Sect.l]. 

3.3. Lemma. Let X be a normal complex space, and let it : X —?■ X be a 
desingularisation. Then the pull-back 

.*:HlliX)^HlliX) 

is injective. 



Proof. Let lj be a d-closed (1, l)-form on X such that {vr*a;} is zero in 
H^^ (X). Then we have 

Tr*u} = ddf, 

with / G A^{X). Let now F be any irreducible component of a vr-fibre, 
taken with the reduced structure. Let i : F ^ X he the inclusion, and let 

i* : A^'\X) ^ A^'\F) 

be the pull-back. Since vr o i is constant we see that 

dd{i*f)=i*{TT*oj)=0. 



Thus ii fi : F' —^ F is a desingularisation, we have dd{iJ,*i* f) = 0. Thus 
fj.*i* f is harmonic, hence constant. Since vr has connected fibres, / is con- 
stant along the vr- fibres. Thus / = 7r*(/) with a function / € ^'^(Xjj. 
Consequently we have uj = ddf, hence {oj} = 0. D 

3.4. Definition. Let X be a normal compact com^plex space. Then N^{X) 
is the vector space of d-closed forms uj G A^'^{X) modulo the following equiv- 
alence relation: 

uji = UJ2 if and only if T{uji) = T(uj2) 

for all T G D"-i'"-i(X) with dT = 0. Given a d-closed form cu G A^''^{X), 

its NI^{X) -class is denoted by [uj]. 

We denote by N^{X) C N^{X) the space generated by the d-closed forms 

ueA'/{X). 

Note that for X projective, the space iV^(X) = N^{X) is usually defined 
differently, namely as the M-vector space generated by the classes of irre- 
ducible divisors. Since we are dealing with general compact complex spaces, 
this space is often too small to be useful. 

Note also that if vr : X — )• X is a desingularisation, we have a well-defined 
pull-back 

7T*:Nl{X)^N^{X), M ^ [7T*uj]. 
Indeed if a; is a d-closed (1, l)-form on X such that T{oj) = for all closed 
currents on X, then for every closed current T on X we have 

f{-jr*uj) = 7r^{f){uj)=0, 

since 7r*(T) is a closed current on X. 

3.5. Lemma. Let X be a normal compact complex space of dimension n in 
class C. Then the natural map 

N^iX) ^ Hl^iX), M ^ {u} 



n 

This is well-known to experts, for lack of reference we give a sketch of the proof. It 
is obvious that / is continuous and smooth outside the singular locus; the only issue is 
to show that / is smooth at the singular points of X. Fix a point a;o G Xsing and an 
open neighborhood xo £ U C X admitting a closed embedding U C V into an open 
set V C C^. We want to show that there exists a C°°-function F : V ^- C such that 
/ — F\u. Let a : V ^- V he a. sequence of blow-ups along smooth centres that is an 
embedded resolution U -^ U and such that the exceptional locus is a normal crossings 
divisor E meeting U transversally. We can suppose without loss of generality that U ^ U 
factors through the resolution 7r~^(C/) — >■ U. Pulling / back to U we can suppose without 
loss of generality that U — tv^^IU). We extend f to U U E hy /|o--i{a;) = const. = f{y) 
with y G ^'^{x) an arbitrary point. The extension is a differentiable function on U U E 
(i.e. the restriction to every smooth stratum is differentiable; apply e.g. |SS92) ). so it 
extends to a differentiable function F : V —> C that is constant along the vr-fibres such 
that F\jy = f. We have F = a* F with F a function on V . Since a is a composition of 
smooth blow-ups, it is elementary to see that F is C°°. 
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is well-defined and an isomorphism. 

Proof. Let tt : X —^ X he a desingularisation such that X is a compact 
Kahler manifold. By classical Hodge theory the 59-group H j^ (X) is canon- 

ically isomorphic to the Dolbeault group H^'^{X) which is Poincare dual to 
H'"~^''^~^{X). Moreover every cohomology class in H"^~^'^~^{X) is repre- 
sented by a current of bidegree (n — 1, n — 1) |GH78[ p.382ff]. 
Let now a; be a d-closed (1, l)-form on X such that T{uj) = for all closed 
currents of bidegree (n — 1, n — 1) on X. Then tt*uj is a d-closed (1, l)-form 
on X such that T{tt*(jj) = for all closed currents of bidegree (n — 1, n — 1) 
on X. By the previous considerations, the (?5-class of 11*00 is zero, so we 
have 

■K*uj = ddf, 

with / G A^{X). Thus we have {tt*u;} = 0, hence {oj} = by Lemma |331 
This shows that the natural map N^(X) -^ H'-{X) is well-defined; it is 
clearly surjective since both spaces are quotients of 

{wG^^'H^) I dw = 0}. 
The map is also injective : if a; = ddf = d{df), then 
Tiu) = Tid(df)) = dT(df) = 
for every d-closed current T of bidegree (n — 1, n — 1) on X. D 

3.6. Definition. Let X be a normal compact complex space. Then Ni{X) 
is the vector space of real closed currents of hidimension (1, 1) modulo the 
following equivalence relation: Ti ~ T2 if and only if 

T,{7^)=T2irj) 
for all real closed (1, \)-forms rj. 

Let a; be a real closed (1, l)-form on X. Then we can define 

Xu.£Ni{Xy, [T]^T{uj). 

If T{uj) = for all closed currents T of bidimension (1,1), we have A^^ = 0. 
Thus we have a well-defined canonical map 

3.7. Proposition. Let X be a normal compact complex space of dimension n 
in class C. Then the canonical map $ is an isomorphism. In particular 
Ni{X) is finite- dimensional. Moreover given a linear map A : Ni{X) -^ M, 
there exists a real closed (1, l)-form uj such that 

X{[T]) = T{u). 

If fj, : X' ^ X is a bimeromorphic map, the natural linear map 

li, : Ni{X') ^ Ni{X) 
is surjective. 



Proof. By Lemmas 13. 31 and 13.51 the vector space N^(X) is finite-dimensional. 

Let a; be a real closed (1, l)-form such that <l'([a;]) = 0. Then T{uj) = for 
all closed currents T of bidegree (re — 1, n — 1). By definition of N^{X) this 
gives [cj] = 0. Thus $ is injective. 

Let us now show that $ is surjective. Since N^(X) is finite-dimensional, it 
suffices to show that dimA'^i(X) < dimiV^(X). However this is clear, since 
we can prove as above that the natural map 

tp : N,{x) ^ N\xr, [T] ^ v(m)(M) = n^) 

is well-defined and injective. 

For the proof of the second statement, let tt : X — >■ X be a desingularisation 
of X that factors through /i. By Lemmas 13.31 and 13.51 the pull-back 

is injective, so by duality the push- forward vr* : Ni{X) —?■ Ni{X) is surjec- 
tive. By functoriality of the push- forward this shows that 

^l, : NiiX') ^ Ni{X) 

is also surjective. D 

3.8. Definition. Let X be a normal compact complex space of dimension re 
in class C. We define NA(X) C Ni(X) as the cone generated by the positive 
closed currents of bidimension (1,1). 

3.9. Remark. Given an irreducible curve C C X we associate the current 
of integration Tc, and define the Mori cone NE{X) C Ni{X) as the closure 
of the cone generated by the currents Tc- We clearly have an inclusion 



NE{X) C NA{X). 

Let us note that this inclusion can be strict even if X is a projective manifold: 
in this case NE{X) generates a vector space of dimension equal to the Picard 
number p{X), while NA(X) generates i7"-i'"-i(X). 

3.10. Proposition. Let X be a normal compact complex space in class C. 
Let jjL : X' ^ X be a bimeromorphic map. Then we have 



fi,{NA{X')) = NA{X). 

Proof. Let ir : X ^ X he a. desingularisation of X that factors through /x 
and such that X is a compact Kahler manifold. By the functoriality of the 
push-forward it is sufficient to prove that 



TT^NAiX)) = NA{X). 



We clearly have 7r^{NA{X)) C NA{X). Arguing by contradiction we assume 
that 7r^{NA{X)) is a proper subcone of NA{X). The space Ni{X) being 
finite-dimensional, there exists a linear map 

X:Ni{X) ^R 



which is non-negative on ^T^,{NA{X)), and X{Tq) < for some Tq € NA{X). 
By Proposition 13. 7| there exists a real closed (l,l)-form rj £ A^'^{X) such 
that A([T]) = T{r]) for all [T] G Ni{X). We define 

X:Ni{X) ^R 

by A([T]) = T{Tr*rj). Then we have 

A([f])=f(^*(r?))=vr,(f)(r?)>0 



for all positive closed currents T on X, so A is non-negative on NA{X). Since 
A'^j4(X) is dual to the Kahler cone (a well-known consequence of |DP04| 
Cor. 0.3]; see e.g. |OP041 Prop. 1.8]), we conclude that {n*{r])} is a nef class. 
Thus by |Pau98| Thm.l], |DP041 Prop. 0.6] the class {77} is nef in the sense of 
|Pau98l Def.3]. Using the isomorphism in Lemma 13.51 we see that [r]] = {rj} 
is non- negative on NA{X), a contradiction. □ 

3.11. Definition. Let X be a normal compact complex space in class C. We 
denote by Nef(X) C N^{X) the cone generated by cohomology classes which 
are nef in the sense of |Pau98| Defn.3] . 

3.12. Remark. If X is a normal compact Kahler space we can also consider 
the open cone /C generated by the classes of Kahler forms. In this case we 
knowQ that 

Nef (X) = IC. 

3.13. Proposition. Let X be a normal compact complex space in class C. 
Then the cones Nef (X) and NA{X) are dual via the canonical isomorphism 
$ : N^{X) -^ Ni{X)*, constructed in Proposition \3.7[ 

Proof. For a closed convex cone V in some finite-dimensional real vector 
space we have V = V** [DebOl^ Lemma 6.7], so it is sufficient to prove that 



Nef(X) = NA{Xy. 



It is clear that Nef (X) C NA{X)* so we are left to prove the other inclusion. 
We consider a linear form A : Ni{X) — )■ M such that A(r) > for all 
[T] G NA(X). Choose a closed (1, l)-form u such that T{uj) = A([T]) then 
we want to show that [oj] G Nef(X). 

Let TT : X ^ X be a desingularisation such that X is a compact Kahler 
manifold, then 7r*u} defines a linear form on Xi(X) which is non-negative on 
JTAiX). Thus [tt*uj] is a nef class by |DP041 Cor.0.3], so the class [uj] is nef 
by |Pau98[ Thm.l], |DP04l Prop. 0.6]. D 

In the Kahler case NA(X) is usually defined right away as the dual of the 
Kahler cone. 



The statement in [Deni92l Prop.6.1.iii)] is for compact manifolds, but the proof works 
in the singular setting. 
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3.14. Corollary. Let X be a normal compact Kdhler space. Suppose that 
[rj\ € N^{X) is strictly positive on NA{X) \ 0. Then [q] is a Kdhler class, 
i.e. can be represented by a Kdhler form uj. 

Proof. By Proposition 13.131 we see that [rj\ lies in the interior of the cone 
Nef(X). Since X is Kahler we have Nef(X) = X (cf. Remark [3l2]) , so [r]\ 
is a Kahler class. D 

3.15. Theorem. Let X be an irreducible and reduced compact complex space 
of dimension n in class C. Let rj G A^'^{X) be a closed form such that 
T(jf) > for all positive closed currents T £ 2)"^-'^'"^^(X) \ {0}. Then {r/} 
contains a Kdhler form, in particular X is a Kdhler space. 

Proof. We will argue by induction on the dimension, the case n = being 
clear. 

Let TT : X —^ X he a desingularisation such that X is a compact Kahler 
manifold and such that vr is a projective morphism with exceptional locus a 
simple normal crossings divisor. Then there exists an effective vr-exceptional 
divisor D on X such that —D is vr— ample. Moreover for large N the class 

{N7r*{r]) -D} 



is strictly positive on NA{X). By |DP041 Cor. 0.4] there exists a Kahler form 
Lj on X such that 

{iV7r*(7?)-Z)} = M. 
Thus we can write 

Lo = NTT*{r])-TD + ddf 

where / G A^{X) and Td the current of integration associated with D. 
Applying vr* it follows that 

7r*(cj) = Nr] + ddR 

with R = iT^,{f), which by definition means that {7r^,(d;)} = {Nr]} (cf. Re- 
markEj]). By |DP04l Prop.0.6] the class {7r=^(c2;)} = {Nr]} of the Kahler 
current 7r*(c<)) contains a Kahler form if and only if {7r*(6i))}|^ is a Kahler 
class for every irreducible component Z of the Lelong level sets. Let E C X 
be the image of the vr-exceptional locus. The Kahler current vr*(u;) is smooth 
outside E, hence any Lelong level set Z is contained in E. To verify that 
{v}z = {i*z{v)} contains a Kahler class, we are going to apply the induction 
hypothesis and only need to show that T'(i*^(r])) > for all closed positive 
currents T' on Z. However, {iz)*{T') is a non-zero positive closed current 
on X, hence r'(i|(r/)) = {iz)*{T')\r]) > 0. D 

3.16. Theorem. Let X be a normal compact threefold in class C with only 
isolated singularities. Let rj € A^'^{X) be a closed real (l,l)-form such that 
T{rj) > for all [T] € NA{X) \ 0. Suppose that for every irreducible curve 
C C X we have [C] j^ in Ni{X). Then {ry} is represented by a Kdhler 
class, in particular X is Kdhler. 

11 



Proof. Step 1. Suppose that X is smooth. We argue by contradiction. By 
Theorem l3.15l there exists a positive closed current T ^ such that T[r]) = 0. 
By our assumption this imphes that [T] = in Ni{X). 

Let TT : X — 7> X be a modification of X such that X is a compact Kahler 
manifold. Let S <Z X he the image of the vr-exceptional locus. We write 
S = y Cj U ^ with Cj the irreducible components of dimension 1 and A a 
finite set. We consider the positive closed currents xsT and Xxxs'^- Since 
r/ is non-negative on NA(X) the decomposition 

T = XsT + Xx\sT 

implies that XsT{i]) = Xxxs'^iv) — 0- ^Y our assumption this implies 
[xsT] = [xx\s'^] = 0- By a theorem of Sin |Siu74| we have 

with aj > and Tc- denoting the current of integration over Cj. Since 
[X5^] = s-iid every curve class is non-zero, we conclude that aj = for all 
j. Thus we have xsT = 0. 

It remains to prove that Xxxs"^ — 0- Fi^ ^ Kahler form uj on X and consider 
the positive closed current R = 7r*(a)). Choose smooth closed (1, l)-forms 
^l>^ which converge weakly to R. Choose a sequence ipj of non-negative 
C°° functions with compact support in X \ S" converging increasingly to 
Xx\s- Then ipjR is a positive (non-closed) smooth (1, 1)— form on X, hence 
(Xx\5^)(yi-R) ^ 0- On the other hand, 

J— >-oo ^ J— s>ooe— s>0 ^ 

= lini lim {xx\sT){iPjtpe) = ^^Mxx\sT){tps)- 

Since [xx\5^] = we have in particular lim£^o(Xx\5^)(V'e) = 0- Since the 
sequence {xx\s'^)ifj-^) i^ increasing we see that (xx\S^)(¥'i-^) = fo^' ^^^ 
j. Hence the support of {xx\s'^) i^ contained in S, hence Xx\s — 0- 

Step 2. Reduction to the smooth case. Let fi : X —^ X he a desingularisation, 
and let E he an effective /i-exceptional divisor such that —E is /i-ample. Let 
C C X be an irreducible curve. If C is //-exceptional, then —E ■ C > 0, so 
[C] 7^ in Ni{X). If C is not /^-exceptional, then we have 

/i.([(7]) = [/x(C)]/0, 

so [C] ^ in Ni{X). We claim that there exists a number n G N such that 

T{fi*ri --E)>0 
n 



for all [T] G NA{X) \ 0. Assuming this for the time being, let us see how to 
conclude: by Step 1 we know that X is a Kahler manifold, so there exists a 
Kahler form uj on X. The push- forward /i*((D) is a Kahler current on X and 
the Lelong level sets of fiif{u}) are contained the singular locus of X. Since X 
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has isolated singularities, we see that {fi^,{6j)}\z is a Kahler class for every Z 
an irreducible component of the Lelong level sets. By |DP04[ Prop. 0.6] this 
shows that {fj,^{u})} contains a Kahler class. 

Proof of the claim. Fixing a hermitian metric h on X, we see that it is 
sufficient to prove that 

T{fx*r] --E)>0 
n 



for all [r] € {NA{X) fl H) where H is the hypersurface of classes having 
"norm" one with respect to the hermitian metric h. Note that NA{X) fl H 
is a compact set, in particular the function 



e : NA{X) nH -^R, T^ T{E) 

is bounded from above. Arguing by contradiction we assume that for all 
n E N there exists a class [Tn] £ {NA{X) n H), represented by a positive 
closed current T^, such that 

(1) Tn{^frJ - -E) < 0. 

n 



Since NA{X) n -ff is compact, we can suppose, up to taking subsequences, 
that the sequence [T„] converges to a limit \Too\ 7^ 0, represented by a positive 
closed current T^. Since Tn{E) is bounded, the equation (JT]) simplifies to 

Too{f^*v) < 0. 

Since rj is positive on NA(X) \ {0}, this implies [fJ-*{Too)] = 0. Since —E is 
/i-ample we conclude that Too{E) < 0. Yet by continuity this implies that 
Tn{E) < for n € N sufficiently large. However, ([1]) is equivalent to 

TniE) > n Tnifi*v) > 0, 
a contradiction. D 

The importance of the dual Kahler cone NA(X) in our context lies in the 
following 

3.17. Definition. Let X be a normal Q-factorial compact Kahler space with 
at most terminal singularities, and let M'^[rj] he a Kx -negative extremal 
ray in NA{X). A contraction of the extremal ray M+[rj] is a morphism 
if : X —^ Y onto a normal compact Kahler space such that —Kx is ip-ample 
and a curve C C X is contracted if and only if [C] G M^ [Fj] . 

4. SUBVARIETIES OF KAHLER THREEFOLDS 

4. A. Remarks on adjunction. Let X be normal Q-factorial compact Kah- 
ler threefold with at most terminal singularities. Let S* C X be a prime 
divisor, i.e. an irreducible and reduced compact surface. Let m G N be the 
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smallest positive integer such that both mKx and mS are Cartier divisors 
on X. Then the canonical divisor Ks € Pic(5') (8) Q is defined by 

Kg := —{mKx +mS)\s. 
m 

Since X is smooth in codimension two, there exist at most finitely many 
points {pi, . . .pq} where Kx and S are not Cartier. Thus by the adjunction 
formula Kg is isomorphic to the dualising sheaf 0^5 on S" \ {pi, . . -Pq}- 

Let now ly : S ^ S he the normalisation. Then we have 

(2) K-g ~Q v*Ks - N, 

where A^ is an effective Weil divisor defined by the conductor ideal. Indeed 
this formula holds by |Rei94| for the dualising sheaves. Since Og{v*Ks) is 
isomorphic to 1^*003 on the complement of z/^^(pi, . . .pq), the formula holds 
for the canonical divisors. 

Let ^ : 5* ^- 5" be the minimal resolution of the normal surface S, then we 
have 

K^ ~Q fM*Kg - N', 

where A^' is an effective /i-exceptional divisor |Sak841 4.1]. Thus ii ir : S —?■ S 
is the composition 1^0 /i, there exists an effective, canonically defined divisor 
E d S such that 

(3) Kg ~Q T^*Ks - E. 

Let C C 5 be a curve such that C (f. S'sing- Then the morphism vr is an 
isomorphism in the generic point of C, and we can define the strict transform 
C C 5 as the closure of C \ S'sing- Since C is an (irreducible) curve that is 
not contained in the divisor N defined by the conductor, we have C <^ E. 
By the projection formula and ^ we obtain 

(4) K^-C <Ks-C. 



4.B. Divisorial Zariski decomposition for Kx- Let X be a normal Q- 
factorial compact Kahler threefold with at most terminal singularities. If 
Kx is not pseudoeffective we know by a theorem of Brunella [Bru06] that X 
is uniruled. In particular we have a covering family of rational curves such 
that Kx-C <Q. 
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From now on suppose that Kx is pseudoeffective. By |Bou04| Thm.3.12] we 
have a divisorial Zariski decompositioiu 

r 

(5) Kx = J2XjS,+N{Kx), 

i=i 

where the Sj are integral surfaces in X, the coefficients Xj G M"^ and 
N{Kx) is a pseudoeffective M-divisor which is nef in codimension one |Bou04[ 
Prop. 2. 4], that is for every surface S d X the restriction N{Kx)\s is pseu- 
doeffective. 

4.1. Lemma. Let X he a normal Q-factorial compact Kdhler threefold with 
at most terminal singularities such that Kx is pseudoeffective. Let S be a 
surface such that Kx\s is not pseudoeffective. Then S is one of the surfaces 
Sj in the divisorial Zariski decomposition ([5]) of Kx ■ Moreover S = Sj is 
projective and uniruled. 

Proof. Suppose first that S ^ Sj for every j € {1,... ,r}. Then we have 

r 

Kx\s = Yl ^j(^ ^ "^J-) + ^(^x)\s. 
i=i 

Since N(Kx)\s is pseudoeffective, we see that Kx\s is pseudoeffective, a 
contradiction. Thus we have S = Sj for some j and (up to renumbering) we 
can suppose that S = Si. We have 

T 

S = Si = ^Kx - ^(E ^J^J + ^i^x)), 

so by adjunction 

Ks = {Kx + S)\s = ^^Kx\s - ^(V XjiSj n 5) + N{Kx)\s)- 

i=2 

By hypothesis Kx\s is not pseudoeffective and — — {Yl^j=2^ji^j H 5) + 
N(Kx)\s) is anti-pseudoeffective. Thus Ks is not pseudoeffective. 

Let now vr : S" — t- S" be the composition of normahsation and minimal reso- 
lution of the normalised surface, then by ([3]) there exists an effective divisor 
E such that 

Kg ~Q 7r*Ks — E. 



The statements in [Bou04] are for complex compact manifolds, but generalise immedi- 
ately to our situation: take jj, : X' ^ X a, desingularisation, and let m £ N be the Cartier 
index of Kx- Then jj,*{mKx) is a pseudoeffective line bundle with divisorial Zariski de- 
composition yL*{mKx) = Tl'HjS'j + N{mKxY ■ The decomposition of Kx is defined by 
the push-forwards /^*(;^ YlVjS'j) and )j,t,{-^N{mKxY). Since a prime divisor D C X is 
not contained in the singular locus of X, the decomposition has the stated properties. 
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Thus Kg is not pseudoeffective, in particular n{S) = — cxo. By Remark 
the surface S is Kahler, so it follows from the Castelnuovo-Kodaira classi- 
fication that S is covered by rational curves, in particular it is a projective 
surface |BHPVdV04] . D 

4.2. Corollary. Let X he a normal Q-factorial compact Kahler threefold 
with at most terminal singularities such that Kx is pseudoeffective. Then 
Kx is nef if and only if 

Kx-C>0 
for every curve C <Z X. 

Proof. One implication is trivial. Suppose now that Kx is nef on all curves 
C . We will argue by contradiction and suppose that Kx is not nef. Since 
Kx is pseudoeffective and the restriction to every curve is nef, there exists 
by [Bou04t Prop. 3. 4] an irreducible surface S <Z X such that Kx\s is not 
pseudoeffective. By Lemma |4. II the surface S is projective, and the divisor 
Kx\s is not pseudoeffective, so there exists a covering family of curves Ct C S 
such that 

Kx-Ct = Kx\s-Ct<0, 
a contradiction. D 

4.C. Very rigid curves. 

4.3. Definition. Let X be a normal Q-factorial Kahler threefold with at 
most terminal singularities. We say that a curve C is very rigid if 

dim^c Chow(X) = 
for all m > 0. 

4.4. Remark. Kollar [ Kol91a| Defn.4.1] defines a curve C C X to be 
very rigid if there is no flat family of one dimensional subschemes Dt d X 
parametrised by a pointed disc € A such that 

• Suppi^o = C, 

• Supp Dt (t C for t ^ 0, and 

• Dt is purely one dimensional for t ^ 0. 

A curve that is very rigid in the sense of Definition 14.31 is also very rigid 
in the sense of Kollar: using the natural map from the normalisation of the 
Douady space l-i{X) to the cycle space Chow(X) |Kol961 Thm.6.3], a family 
{Dt)t£A defines a positive-dimensional subset of Chow(X) through a point 
corresponding to mC for some m > 0. 

4.5. Theorem. Let X be a normal Q-factorial Kahler threefold with at most 
terminal singularities. Let C C X be an irreducible very rigid curve such that 
Kx • C < 0. Then C is a rational curve and 

Kx-C> -1. 
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For the proof of this theorem we fohow the arguments of Kohar |Kol91a| , with 
some simphfications due to our special situation. It is actually not necessary 
to work in the algebraic category, all arguments work in the analytic category 
as well. 

Proof. Step 1. If Kx ■ C < —1, then C is not very rigid. Let X be the 
formal completion of X along C. Choose m minimal such that mKx is 
Cartier. Since —mKx\c is ample, the restriction —mKx\xk to the fc-th 
infinitesimal neighborhood X/^. of C in X is ample |Har70l Prop. 4. 2]. Thus 
there are projective schemes Z^ such that [Z]^)^^ ~ X^. Then the formal 
scheme arising as inverse limit Z of the system (Z^) is the algebraization of 
X. 

Following the notations of Kollar |Kol91a| Constr.1.2], choose d € Z with 
< d < rn, such that 

d = —mKx • C mod(?Ti). 

Choose a general Cartier divisor D on X such that D meets C in a single 
point pq transversally. By the general choice of D this will be a smooth point 
of X. Therefore the pull-back 

v*0^{-dD-mK^) 

to the normalisation z/ : C — > C is divisible by m in Pic(C). We claim that 

0^{-dD-mK^) 

is divisible by m in Pic(X). To see this observe that for each /c € N the 
kernel of the restriction 

Pic(Xfc+i) ^ Pic(Xfe) 

is an extension by an additive and a multiplicative group (use the exponential 
sequence for X^, cp. [KolQla^ 1.2.1] and |Gro62[ no. 232, Prop. 6. 5]). These 
groups are divisible, so 

Oxk{-dD-mK^) 
is divisible by m in Pic(Xfc), hence Oj^{—dD — rnKj^) is divisible by m in 
Pic(X) |Har771 II, Ex.9.6]. 
Write 

0^{-dD-mKj^)^N^'^ 

with a line bundle N on X. We obtain a section 

s G H^{X, (AT*)®™ Oj^i-mKj^)) 

via 

iV®™ O^(mK^) ~ O^i-dD) -^ O^. 

Let 

p:X^ X 
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be the normalisation of X[s"^]. By construction p ramifies exactly over D 
and the non-Gorenstein points of X. Moreover X is Gorenstein and has at 
most terminal singularities by |KM981 5.21(4)]. We introduce the number 

m 



e := 



Then p has ramification order e over D yielding the equation 
(6) i^_ = p*(i^^ + (i_i)i^). 

Let C C p~^(C) be an irreducible component (with reduced structure). We 
claim that if Kj^ ■ C < —1, then Kj^ ■ C < —2. Assuming this for the time 
being, let us see how to conclude: since 

Kj^-C = Kx -C <-l, 

we know by the claim that Kj^ ■ C < —2. But now X is a threefold with 
Gorenstein terminal singularities, so it has at most lei singularities. There- 
fore C deforms in X by jKol96l Thm.1.15, Rem. 1.17]. Hence some multiple 
of C deforms in X. 

Proof of the claim. Since Kj^ • C is an integer multiple of - , our assumption 
implies Kj^ ■ C < —1 — -. Since D • C = 1 we obtain 

Kiy-C + (l--)D-C <-- 

^ ^ e' ~ e 

The order of ramification for every point pQ over D is equal to e, so we 
have deg(C/C) > e. Thus the ramification formula ([6]) and the preceding 
inequality gives 

K^-C = deg(C/C) (k^ ■C + {l--)D-c\ < -2. 

This proves the claim. 

Step 2. Very rigid curves Kx -negative curves are rational. If C is irrational 
and Kx • C < 0, then there are finite etale covers 

h-.C ^C 

of arbitrary large degree. Choose an open neighborhood U oi C m X such 
that C is a deformation retract of U. Then 7ri(C/) ~ t^i{C) and therefore 
we obtain a finite etale cover g : U' ^ U such that C C U' and h = g\c'- 
Hence Kij/ ■ C gets arbitrarily negative, in particular smaller than —1. By 
Step 1 the curve C is not very rigid, hence C is not very rigid. D 

5. Bend and break 

For the convenience of the reader we recall two results from the deformation 
theory of curves. 
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5.1. Theorem. [Kol96| Thm.1.15] Let S be a smooth complex surface, and 
let C C S be a curve. Then we have 

dime Chow(5) > -Ks • C + x(Cc)' 

where C —^ C is the normalisation. 

Recall that terminal Gorenstein threefold singularities are hypersurfaces sin- 
gularities |Rei80| . |KM98l Cor.5.38] so we have: 

5.2. Theorem. |Kol961 Thm.1.15] Let X be a normal Q-factorial complex 
threefold with at most terminal Gorenstein singularities. Let C <Z X be a 
curve. Then we have 

dime Chow(X) >-Kx-C. 

5.3. Definition. Let X be a complex space and Z an effective 1-cycle on 
X. A deformation family of Z is a family of cycles (Zt)t(^T where T is an 
irreducible component T of the cycle space Chow(X) that contains the point 
corresponding to Z . We say that the family of deformations splits if there 
exists a tQ £ T such that the cycle 

Zto = /^aiQ 
has reducible support or Ztg = aiCi with ai>2. 

The following elementary lemma will be used several times. 

5.4. Lemma. Let X be a normal Q-factorial compact Kdhler threefold with 
at most terminal singularities such that Kx is pseudoeffective. Let C d X 
be a curve such that Kx • C < and dime Chow(X) > 0. 

Then there exists a unique surface Sj from the divisorial Zariski decomposi- 
tion dl]) such that C and its deformations are contained in the surface Sj. 
Moreover we have 

(7) Ks^ -C <Kx-C. 

Proof. Let {Ct)teT be a deformation family of C. Since C is integral, a 
general deformation Cj is integral. Since Kx ■ Ct < for all t € T we see 
that the locus 



S := UterCt 

has the property that Kx\s is not pseudoeffective. Since T and the general 
Ct are irreducible, the graph of the family C — > T is irreducible. Thus S is 
irreducible, and since Kx is pseudoeffective, it is a surface. By Lemma |4. II 
there exists ajE{l,...,r} such that S = Sj. 

In order to prove the uniqueness of the surface Sj and the inequality ([7]) it 
is sufficient to show that Sj ■ C < 0. The deformation family {Ct)teT has no 
fixed component, in particular for every k € {1, . . . , r} such that k ^ j there 
exists a t G T general such that Ct ^ Sk. Thus we have Sk ■ C = Sk • Ct > 
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for every k ^ j. Moreover the restriction N{Kx)\s' is pseudoeffective and 
the family {Ct)teT covers Sj, so 

N{Kx) ■ C = N{Kx)\s, ■ C = N{Kx)\s, • ^ > 0. 
Since 

r 

^>Kx-C = Y^ XjSj ■ C + N{Kx) ■ C, 
i=i 
this implies that Sj ■ C < 0. This shows also that every deformation family 
of C lies in Sj. Thus the surface Sj does not depend on the choice of T. D 

5.5. Lemma. Let S be a smooth projective surface that is uniruled, and let 
C C S be an irreducible curve. 

a) Suppose that Ka ■ C < 0. Then there exists an effective 1-cycle ^atCk 
with coefficients in Q+ such that 

and Ci is a rational curve such that K^ • Ci < 0. 

b) Suppose that Ka ■ C < —4. Then there exists an effective 1-cycle YlT=i ^k 

with m >2 such that 

m 

[E Ck] = [c] 

k=l 
such that Kg ■ Ci < and Kg • C2 < 0. 

Proof. The statements are trivial for S ~ P^, so suppose that this is not the 
case. Fix an ample line bundle H on S. We will argue by induction on the 
degree d := H -C. We start the induction with d = where both statements 
are trivial. Let us now do the induction step. 

Proof of a) If C is a rational curve we are finished. If C is not rational 
we know by Theorem 15.11 that dim^ Chow(S') > 1, so we have a positive- 
dimensional family of deformations {Ct)teT- 

1st case. The family of deformations splits. Thus there exists a cycle ^ f3iCi 
that is not integral such that [X] AC'd = [C]- Up to renumbering we can 
suppose that Kg • Ci < 0. Since H ■ Ci < H ■ C we can apply the induction 
hypothesis to Ci and conclude. 

2nd case. The family of deformations does not split. We claim that in this 
case S" is a ruled surface or P^. Arguing by contradiction, let o" : S" — > 
Sq be a MMP to some Mori fibre space Sq which we can suppose to be a 
ruled surfacqj. Let E be the cr-exceptional locus, then C ■ E > since the 
deformations of C cover S and do not split. Thus the family {a[Ct))t<^T is 
positive-dimensional, does not split and has a fixed point p G <y{E). This 
contradicts |PetOH Lemma 3.3]. 



^If Sq is P^ just take the same MMP but omit the last blow-up. 
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Since by our assumption S" 9^ P^, this shows that 5 is a ruled surface. We 
claim that [C] lies in the interior of the Mori cone NE(5'): otherwise NE(5') 
would be generated by [C] and [F\ where F is a fibre of the ruling^. Since 
Kd • C < we obtain that 5" is a del Pezzo surface, hence Fi or P^ x P^. In 
both cases every curve in the extremal ray M"*" [C\ is rational, a contradiction. 

Thus we can choose a curve B G S such that [C] lies in the interior of the 
cone generated by [B] and [F], where i^ is a fibre of the ruling. Thus we 
have 

[C] = Xi[F] + X2[B], 
with Ai G Q+. 

Proof of h). By Theorem 15.11 we have diniA Chow(S') > 2, so we have a 
two-dimensional family of deformations {Ct)teT- Note that the family of 
deformations splits: arguing by contradiction, let o" : S" ^ 5*0 be a MMP to 
some Mori fibre space Sq which we can suppose to be a ruled surface. Since T 
has dimension at least two, the subfamily Tp parametrising the deformations 
through a general point p G S has dimension at least one. Thus {a{Ct))teT 
is positive-dimensional, does not split and has a fixed point p & Sq. This 
contradicts jPetOH Lemma 3.3]. 

Since the deformations split, there exists a cycle '^]^i Ci with m' > 2 such 
that [ J^ Ci] = [C] . Up to renumbering we can suppose 

Kg-Ci<K§-C2<...<K§-Cm'. 

If Ka • C2 < we are finished. If not we have Ka ■ Ci < Ka ■ C. Since 
H -Ci < H -C we can apply the induction hypothesis to Ci to conclude. D 

5.6. Lemma. Let X be a normal Q-factorial compact Kdhler threefold with 
at most terminal singularities such that Kx is pseudoeffective. Let Si, . . . , Sr 
be the surfaces appearing in the divisorial Zariski decomposition ([5]). Set 

b := max{l, —Kx ■ Z \ Z a curve s.t. Z C Sj^sing or Z C Sj D Sj'}. 

If C C X is a curve such that 

-Kx ■C>b, 

then we have dimcChow(X) > 0. 

Proof. Since 6 > 1 the curve C is not very rigid by Theorem 14.51 Let ?7i € N 
be minimal such that dvaimC Chow(X) > 0, and let {Ct)t&T be a family of 
deformations. Let C — )• T be the graph of the family: up to replacing C 
by an irreducible component C <Z C that contains C we can suppose that 
C is irreducible. In particular the locus covered by the effective 1-cycles Ct 
is irreducible. The family {Ct)teT has no fixed component, i.e. there does 
not exist a curve B that is contained in the support of every Ct- Indeed 
since mC is a member of the family, we would have B = C, but then 



'Note that [C] R+ [F] since C is not rational 
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dim(^_^)(^ Chow(X) > 0, contradicting the minimality of m. Thus if C^ is 
general and 

its decomposition, we have dim^ ^ Chow(X) > for all /. Up to renumbering 
we can suppose that Kx-Ct^i < 0. By Lemma [5.41 applied to Ct^i there exists 
a unique surface Sj from the decomposition ([5]) such that 



U Ct,i = S,. 
t£T general 

Since the locus covered by the family {Ct)teT is irreducible, we see that 
CCS,. 

By the definition of h we have C ct Si for every I ^ j, thus we have 

The restriction N{Kx)\s- is pseudoeffective and for t (z T general all the 
curves Cf^i are movable in Sj, so we get 

N{Kx) ■ C = N{Kx)\s, ■ C = N{Kx)\s, ■Ct = Y, ai{N{Kx)\s, ■ Ct,i) > 0. 

Since Kx • C < the equality ([5]) now implies Sj ■ C < 0. Thus we have 

Ks^-C <Kx-C < -b. 

By definition of h the curve C is not contained in the singular locus of Sj. 
Let TTj : Sj — )■ Sj be the composition of normalisation and minimal resolution 
(cf . Subsection l4.Ap . The strict transform C of C is well-defined and by dH 
we have 

K6 -C <Ks -C < -h. 

Sj 3 

Since 6 > 1 we obtain by Theorem 15.11 that 

dim^Chow(S') > 0, 

so C deforms. Thus its push- forward vr^C = C deforms. D 

5.7. Corollary. Let X he a normal Q-factorial compact Kdhler threefold 
with at most term,inal singularities such that Kx is pseudoeffective. Let b be 
the constant from Lemma 15.61 and set 

d := max{3, 6}. 

If C C X is a curve such that —Kx ■ C > d, then we have 

[C] = [C{\ + [C2] 

with Ci and C2 effective 1- cycles (with integer coefficients) on X. 
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Proof. Since d > b we know by Lemma 15.61 that dime Chow(X) > 0. Let 
{Ct)t&T be a family of deformations. By Lemma 15.41 there exists a unique 
surface Sj from the divisorial Zariski decomposition ^ such that the Ct are 
contained in the surface Sj. Moreover we have 

Ks^-C <Kx-C < d. 
By the definition of the constant b in Lemma [5.61 we have C ^ •S'j^sing- 
Let VTj : Sj — )• Sj be the composition of normahsation and minimal resolution 
(cf . Subsection 14. Ap . The strict transform (7 of C is well-defined and by (JH 
we have 

Ks^-C < Ks^ • C < -3. 

Thus by Lemma [5.5| b) there exists an effective 1-cycle X^fcLi ^k with m > 2 
such that 

m 

[E Ck] = [c] 
fc=i 

such that Ka • Ci < and Ka -(72 < 0. Since K^ is vrj-nef, we have 
(vrj)*Ci 7^ and (vrj)*C2 7^ 0. Thus we obtain 

m 

k=l 
and the first two terms of this sum are not zero. D 

5.8. Lemma. Let X be a normal Q-factorial compact Kdhler threefold with 
at most terminal singularities such that Kx is pseudoeffective. Let M^lFj] be 
a Kx -negative extremal ray in NE{X) where Fj is a curve that is not very 
rigid. Then the following holds: 

a) There exists a curve C C X such that [C] € M^[rj] and 
dimcChow(X) > 0. 

b) There exists a rational curve C d X such that [C] S R^[rj]. 

Proof. Let 

m := min{A; G N [ 3 C C X curve s.t. [C] E M+[rj],dimfcc Chow(X) > 0}. 

Our goal is to show that m = 1. Arguing by contradiction let C be a curve 
that realises the minimal degree m > 1. We have diiUmC Chow(X) > 0, 
so let {Ct)teT be a family of deformations. Note that this family has no 
fixed component, since we chose m to be minimal. Thus if Ct is a general 
member of the family, then for every irreducible component C^ C Ct we have 
dime Chow(X) > 0. Since the ray M"'"[rj] is extremal, we have Cj. G M'''[rj], 
a contradiction. 

For the proof of statement b), choose C £ M+lFj] such that dime Chow(X) > 
0. By Lemma [5.41 the deformations of C are contained in one of the surfaces 
Sj from the divisorial Zariski decomposition ([5|) and we have 

Ks^-C <Kx-C < 0. 
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Up to replacing C by a general deformation we can suppose that C (f. Sj^sing- 
Let TTj : Sj -^ Sj be the composition of normalisation and minimal resolution 
(cf. Subsection 14. Ap . The strict transform C of C is well-defined and by (JH 
we have 

Kg -C <Ks^-C <0. 

By Lemma l5.5| a) there exists an effective 1-cycle ^a^Ck with coefficients 
in Q+ such that 

and Ci is a rational curve such that K^ • Ci < 0. Since K^ is vrj-nef, we 
have (7rj)^,Ci ^ 0. Thus we obtain 

k 

and the first term ai{'Kj).^\Ci\ is not zero. Since the ray M'^[rj] is extremal, 
we see that [Ci] is a positive multiple of [Fj]. D 

6. Cone theorems 

6.1. Lemma. Let X he a normal compact Kdhler threefold such that Kx is 
Q-Cartier. Let N C Ni{X) be a closed convex cone that contains no lines. 
Suppose that there exists a d E N and a countable family {Ti)i(zj of curves 
on X such that 

< -Kx ■Ti<d 
and 



N = NK^>Q + y^W^[Ti], 



i&I 



Then we have 



N = Nk^>o + Y,^'^\^^ 



i&I 



Our argument follows the proof of the cone theorem for projective manifolds 
in |Deb01| . 

Proof. Set V := Nkx>0 + E^I^^ [!"*]• We want to prove that V = V, i.e. 
the cone V is closed. Since V contains no lines, it is the convex hull of its 
extremal rays [DebOH Lemma 6.7 b)]. It is thus sufficient to show that if 
M"'"[r] is an extremal ray in V such that Kx • r < 0, then M"^[r] is in V. 
Let cj be a Kahler form on X and choose a e > such that 

[Kx + ecj) • r < 0. 

Then we have by our hypothesis 
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where the sum runs over those indices j & I such that {Kx + £^) ■ Tj < 0. 
Since —Kx -^j^d we have w • Fj < -. Since the degree of the cohomology 
classes [Fj] with respect to a; is bounded, there are only finitely many such 
classes. In particular we have 

jeJ 
and up to renumbering we can suppose that J = {1, . . . ,q} for some g G N. 

Write now r as the limit of a sequence r™, + Sm such that for all m € N one 
has 

{Kx +euj)-rm>0 
and Srn e Ei=il^"^[ri], that is 

Sm — / ^ '^j.m^ j ■ 

i=i 

Since u ■ (r^ + Sm) converges to a; • r the sequences u ■ r^ and uj ■ Xj^nTj are 
bounded by a; • r + 1 for large m. In particular we can assume after taking 
subsequences that the sequences r^ and Xj^m^j converge. Since 

<? 
r= lim r^ + V] lim Xj^mTj. 

and r is extremal in V this implies that limm-i-oo fm and limm->oo ^j,m^j 
are non-negative multiples of r. Since (Kx + £0j) ■ limm^oo ?^m > and 
{Kx + s:^) • r < we get that liiUm'^oo fm = 0. This implies that there 
exists a jo G {1, • • • ,g} such that \\Ta.m~^oo ^jo,mZjo is a positive multiple of 
r. Hence the extremal rays M.'^r and M.~^Zj^^ coincide, so M+r is in V. D 

6.2. Theorem. Let X be a normal (J-factorial compact Kdhler threefold 
with at most terminal singularities such that Kx is pseudoeffective. Then 
there exists a d € N and a countable family {Ti)i^j of curves on X such that 

< -Kx ■ri<d 

and 

NE{X) = NE{X)k^ >o + ^ m+ [r^] 

// the ray M"'"[rj] is extremal in NE{X), there exists a rational curve Ci on 
X such that [Q] G M+[ri]. 

Proof of Theorem \6.^ Let d G N be the bound from Corollary 15.71 There 
are only countably many curve classes [C] C NE(X) and we choose a repre- 
sentative Fj for each class such that < —Kx -^i < d. We set 

V:=^m{X)K^>o+ Yl 

0<-Kx-T^<d 
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Fix a Kahler form oj on X such that 

io-C> 1 
for every curve C C A|j. 

Step 1. We have NE{X) = V . By Lemma |6. II it is sufficient to prove that 
NE(X) = y, i.e. the class [C] of every irreducible curve C <Z X \s contained 
in V . We will prove the statement by induction on the degree I := co ■ C. 
The start of the induction for I = is trivial. Suppose now that we have 
shown the statement for all curves of degree at most I — 1 and let C be a 
curve such that I — 1<UJ-C<1. If —Kx • C < d we are done. Otherwise 
there exists by Corollary 15.71 a decomposition 

[C] = [Ci] + [C2] 

with Ci and C2 effective 1-cycles (with integer coefficients) on X. Since 
w • Cj > 1 for i = 1, 2 we have oj ■ Ci < I — 1 for i = 1,2. By induction both 
classes are in V, so [C] is in V. 

Step 2. Every extremal ray contains the class of a rational curve. If the ray 
M^[rj] is extremal in NE(X) we know by Theorem 14.51 and Lemma [5.81 that 
there exists a rational curve Cj such that [Ci] is in the extremal ray. D 

6.3. Theorem. Let X be a normal Q-factorial compact Kahler threefold 
with at most terminal singularities such that Kx is pseudoeffective. Then 
there exists a (i E N and a countable family {Ti)i^j of curves on X such that 

< -Kx • Fj < d 

and 

NAiX) = Jm{X)K^>o + J]M+[Fi] 

If the ray M^[Fj] is extremal in NA{X), there exists a rational curve Ci on 
X such that [d] GM+[Fi]. 

Theorem 16.31 is a consequence of Theorem 16.21 and the following proposition. 

6.4. Proposition. Let X be a normal (J-factorial compact Kahler threefold 
with at most terminal singularities such that Kx is pseudoeffective. 
Suppose that there exists a d G N and a countable family (Fj)jg/ of curves 
on X such that 

< -Kx • Fi < d 
and 

NE{X) = 7m{X)K^>o + J^M+[Fi] 



The form a; exists since the cohomology classes of curves in X form a discrete set in 
NE(X), so for every Kahler form uj' there exists a real constant A > such that 

tj' • C > A 

for every curve C G X. 
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Then we have 



Proof. Set 



NAiX) = NA{X)k^>o + J^M+iFi 






By Lemma [6.11 it is sufficient to sliow tliat NA(X) C V. Let tt : X —^ X he 
a desingularisation and consider a £ NA(X). By Lemma 13.101 there exists 
a G WAiX) such that a = 7r*(a). By |DP04l Cor. 0.3] the cone WA{X) is 
the closure of the convex cone generated by cohomology classes of the form 
[tD]^, [oj] ■ [S] and [C] where a) is a Kahler form, S a surface and C a curve 
on X. Our goal is to show that the vr— image of any of this three types is 
contained in V. 

1st case, a = [cb]'^ with to a Kahler form. Since Tr*{Kx) is pseudoeffective, 
we have tt*{Kx) ■ [w]^ > 0, hence 

Kx ■ a = Kx ■ vr*(Q) = t:*{Kx) • a > 0, 
and thus a S ^A{X)kx>Q- 

2nd case, a = [C] with C a curve. Then set C := 7r*(C), so that a = [C]. 
Since we have an inclusion 

(8) NE(X) = NE(X)^^>o + J^M+[ri] -^NA(X)^^>o + J^M+[ri], 
and by hypothesis any curve class [C] is in the left hand side, we see that 

(3) 3rd case, a = [oj\- [S\ with S an irreducible surface and lo a Kahler form. 
If 

^*(i^x) • N • [S] > 0, 

the class a is in NA(X)xx>o- Suppose now that 

7r*{Kx) ■ [oo] ■ [S] < 0. 

We claim that a is in the image of the inclusion ([8]) which concludes the 
proof. 

Proof of the claim. Using the projection formula we see that it{S) is not a 
point. Since X has at most isolated singularities we see that Tr{S) is not a 
curve, so we can suppose that tt{S) is a surface S. Since 7t*{Kx) ■ [oj] ■ [S] < 0, 
the restriction 7r*{Kx)\& is not pseudoeffective. Thus the restriction Kx\s 
is not pseudo-effective. By Lemma [4. li the surface 5 is one of the surfaces Sj 
from the Zariski decomposition ([5]), moreover it is projective and uniruled. 
Let TTj : Sj —7- Sj be the composition of normalisation and minimal resolution 
(cf. Subsection 14. Ap . Since Sj is uniruled, we have H'^{Sj,0^ ) = 0. In 
particular the Chern class map 

Pic Sj ^ H^{Sj,Z) 
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is surjective, so 



NSr{Sj) = H^{Sj,R) n H^'\Sj 



J J,. 

Thus the pull-back 7r*a; which is a real closed form of type (1, 1) is represented 
by a M-divisor which is nef and big. In particular it is a limit of classes of 
ample Q-divisors H^n on S which we can represent by classes of effective 
1-cycles \Crn\ with rational coefficients. We claim that the sequence 

7r4C„] eNE(X)ciVi(X) 

converges to [w] • \S\ . By duality it is sufficient to prove that for every r\ a real 
closed (1, l)-form on X, the sequence \rf\ ■ 7r^=[Cm] converges to \rf\ ■ [uj] ■ [S]. 
Yet by the projection formula we have 

[r]] ■ ir^ [Cm] = vr* [r/] • [Cm] 
and 

[v]-[u^]-[S] = [v\s]-[oj\s]=^*[v]-^*[^], 
so the convergence follows from the construction of the sequence [Cm] ■ D 



Proof of Theorem \1.S\ The only statement that is not part of Theorem 16.31 
is that in every /Cx-negative extremal ray Ri we can find a rational curve Fj 
such that Fj G Ri and 

< -Kx • Fi < 4. 

If the extremal ray is small, this is clear by Theorem 14. 51 If the extremal ray 
is divisorial, the contraction exists by Theorem ll.JrI . Thus we can conclude 
by iDebOll Thm.7.46]. D 

6.5. Remark. The cone theorem 11.21 actuallv holds if X has at most canon- 
ical singularities: using a relative MMP (which exists since we can take a 
resolution of singularities which is a projective morphism) we construct a 
bimeromorphic morphism /i : X' — t- X such that K'-^ ~ IJ'*Kx and X' has 
at most terminal singularities. Since /i*(NA(X')) = NA(X) by Proposition 
13.101 the statement follows from our theorem. 

7. Contractions of extremal rays 

For the whole section we make the following 

Assumption. Let X be a normal Q-factorial compact Kahler threefold 
with at most terminal singularities such that Kx is pseudoeffective. We fix 
R := ]R"'"[Fjg] a Xx-negative extremal ray in NA(X). 

7.1. Definition. We say that the Kx — negative extremal ray R is small if 
every curve C C X with [C] ^ R is very rigid in the sense of Definition \4-c^ 
Otherwise we say that the extremal ray R is divisorial. 



The proof of Theorem 11.31 uses only Theorem 
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7.2. Remark. If the extremal ray R admits a Mori contraction if : X ^ Y, 
the contraction is small (resp. divisorial) if and only if this holds for the 
extremal ray. Indeed if the extremal ray is small, then by Theorem 14.51 we 
have —Kx • C < 1 for every curve such that [C] € R. In particular there are 
only finitely many cohomology classes in R that are represented by curves. 
Since for every class there are only finitely many deformation families and 
by hypothesis every curve in the ray is very rigid, we see that there are only 
finitely many curves C <Z X such that [C] G R. Thus 93 contracts only 
finitely many curves, it is small. 

7.3. Proposition. There exists a nef class a € N^{X) such that 



R = {ze NA{X) \a-z = 0}, 
such that, using the notation of Theorem \6.3\. the class a is strictly positive 



on 



We call a a nef supporting class for the extremal ray R. 
Proof. We set 

By Lemma l6. II the cone V is closed and by Theorem 16.31 we have 

NA(x) = y + M+[r,j 

By [DebOH Lemma 6.7(d)] there exists a linear form on Ni{X) which van- 
ishes on R and is positive on 1/ \ {0}. This linear form gives the class a by 
Proposition 13.71 D 

7. A. Divisorial rays. The following proposition is a particular case of 
|AT84i Thm.2] and a generalisation of the well-known theorem of Grauert 
|Gra62| . 

7.4. Proposition. Let X he a normal compact complex space, and let S 
be a prime divisor that is (J-Cartier of Cartier index m. Suppose that S 
admits a morphism with connected fibres f : S —^ B such that Os{—mS) 
is f -ample. Then there exists a himeromorphic morphism ip : X —^ Y to 
a normal compact complex space Y such that (p\s = f and (p\x\s ^■^ ^^ 
isomorphism onto Y \B. 

Proof. Since Os{—fnS) is /-ample there exists a multiple m' of m such that 
we have 

R^f,{Os{-km'S)) = 
for all fc G N. Let X C Ox be the ideal sheaf corresponding to the Cartier 
divisor —m'D, then I/I'^\s is an /-ample line bundle on S. Since we have 

i?V*(^V^'^') = R'f*{Os{-km'S)) = 
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for all k GN, the natural morphisms 

are surjective for all /c € N. Thus we can apply |AT84t Thm.2] to conclude. 

D 

7.5. Lemma. Suppose that the extremal ray R is divisorial. We set 

s= U C. 

ccx,[c]eR 

Then S is an irreducible projective surface and S ■ C < for all curves C 
with [C]e R. 

Proof. By definition the extremal ray R contains a class [C] with C a 
curve that is not very rigid. By Lemma I5.8| a) we may suppose that 
dimc'Chow(X) > 0. By Lemma 15.41 there exists a unique surface Sj from 
the divisorial Zariski decomposition ^ such that C and its deformations are 
contained in Sj, moreover we have Sj ■ C < 0. 

Let now C be any curve such that [C] G R. Then we have [C] = X[C] for 
some A G Q"*", hence 

Sj ■ C' = XSj -c <0. 

Thus we have C" C Sj and S = Sj. The projectivity of 5 is shown in 
Lemma 14.11 □ 



7.6. Notation. Suppose that the extremal ray R = R^"[rjg] is divisorial, 
and let S be the surface from Lemma 17.51 Let v : S ^ S G X he the 
normalisation; then z^*(a) is a nef class on S and we may consider the nef 
reduction 

fj^S^B 

with respect to u*{a), cf. |BCE"'"02( Thm.2. 6]. By Lemma F5.8l a) there exists 
a curve C C X such that [C] G R and dime Chow(X) > 0. Since S ■ C <0 
by Lemma 17.51 the deformations {Ct)teT of C induce a dominating family 
{Ct)t^T' of S such that i^*(a) -Ct =0. By definition of the nef reduction this 
implies 

n{a) := dimS G {0,1}. 

7.7. Corollary. Suppose that the extremal ray R is divisorial and n{a) = 0. 
Then the surface S can he blown down to a point: there exists a bimero- 
morphic morphism ip : X —?■ Y to a normal compact threefold Y with 
dinnp{S) = such that ip\x\s ^^ '^'^ isomorphism onto Y \0. 



Proof. Since n{a) = 0, the class i'*{a) is trivial on S [BCE"'"02( Thm.2. 6]. 
Hence i'*{a) -0 = for all curves C G S, hence a ■ C = for all curves 
C G S. By Proposition 17.31 the class of every curve C C S belongs to R. 
Let m be the Cartier index of S. The morphism 

NE(S') -^ NE(X) 
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has image in the ray R, so the divisor Os{—TnS) is strictly positive on 
NE(5)\0. Since S is projective by Lemma [73] we see by |Laz04[ Thm.1.4.29] 
that Os{—fnS) is ample and conclude with Proposition 17.41 D 

7.8. Lemma. Suppose that the extremal ray R is divisorial and n{a) = 1. 
Then there exists a fibration f : S ^ B onto a curve B such that a curve 
C C S is contracted if and only if [C] € R. 

Proof. Let C be a general fibre of the nef reduction f : S ^ B with respect 
to I'* (a), then we have i^*{a) -0 = 0. By definition of a this implies that for 
C := I'iC) we have [C] € R. Thus we have Kx • C < and the cycle space 
Chow(X) has positive dimension in C, so by Lemma 15.41 we have 

Ks-C <Kx-C <0. 

The normalisation v being finite and X having only finitely many singular 
points, we can choose C such that the following three conditions hold: 

•L/C ^nonsi 

• C <;t Ssing, and 

• L/ (L <-'nons) 

By the first property the intersection numbers Kx • C < and S ■ C < are 
integers, hence Ks ■ C < —2. By the second property and ([¥]) we have 

K^-C <Ks-C <-2 

with equality if and only if C C Snons and Kx ■ C = —1 and S ■ C = —1. 
Since C is a fibre of the fibration / contained in the smooth locus of S, we 
have 

-2<degK^ = Kg-C < -2. 

Thus C = C is a rational curve contained in S'nons such that Kg ■ C = —2. 
In particular the sheaf Os{C) is invertible. Consider the exact sequence 

-^ Os{mC) -^ u,Og{mC) -^ T Og{mC) -^ 0, 

where J^ is a coherent sheaf supported on the non-normal locus of S. Since 
C C Snons, we have J^ (g) Og{mC) ~ T for ah m G N. Since h^{S, OgimC)) 
goes to infinity as m, — )• cx3 we see that k{S,Os{C)) = 1. Since C'^ = we 
see that some multiple of C defines a fibration f : S ^ B onto a curve B 
such that we have a commutative diagram 

f 
B ^B 

D 
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7.9. Corollary. Suppose that the extremal ray R is divisorial and n{a) = 1. 
Let f : S ^ B be the fibration defined in Lemma \7.8[ Then the surface 
S can be contracted onto a curve: there exists a bimeromorphic m,orphism 
(p : X ^ Y to a normal compact threefold Y such that 93I5 = / and 'p\x\s ^-^ 
an isomorphism onto Y \B. 

Proof. Let m be the Cartier index of S. By Lemma [7. 81 the surface S admits 
a fibration / onto a curve contracting exactly the curves in R. By Lemma 
17.51 the divisor Oxi—iT^S) is ample on every curve in R, so its restriction 
Os{—fnS) is /-ample. Conclude with Proposition 17.41 D 

7.B. Small rays. 

7.10. Notation. Suppose that the extremal ray R = W^\^^^] is small. Set 

C := ^Ci<zx,[Ci\<^RCh 

then C is a finite union of curves by Remark 17.21 We say that C is con- 
tractible if there exists a bimeromorphic morphism ip : X ^ Y onto a 
normal threefold Y with dimc/9(C) = such that '■p\x\c is an isomorphism 
onto Y\^{C). 

7.11. Lemma. Let X be a normal threefold, and let C = U^^^C/ <Z X be a 
finite union of irreducible compact curves. Let S be an effective irreducible 
Weil divisor which is Q^— Cartier such that S ■ Ci < for all j E {1, . . . , r}. 
Let m be a positive integer such that mS is Cartier. Let H be an effective 
Cartier divisor on mS such that H ■ Ci < for all j € {1, . . . , r}. Then C 
is contractible. 

The argument is inspired by |Kol891 Lemma 4.10]. 

Proof. The divisor H is a, 1-dimensional complex subspace of X that is a 
locally complete intersection, so its conormal sheaf N'^.j^ is a locally free 
sheaf of rank 2 and an extension 

^ A^H/™5 ^ 0„,s{-H)\h ^ N*H/^ ^ N*^g,^\H ^ Ox{-mS)\H ^ 0. 
By our hypothesis on S and H the restriction of X'^,j^ to any of the curves 
Ci is an extension of ample line bundles, so the restriction .^^/^ |c is ample. 
Let X C Ox be the biggest ideal sheaf that agrees with Xfj C Ox in the 
generic point of every irreducible component Ci C G \ Then the support of 
X/X^ is C and the natural morphism 

N*h,x=^h/xI^X/X^ 

is an isomorphism in the generic point of every curve Ci C C. Thus X/X'^ is 
ample |Anc82| . hence C is contractible by |AT84| Cor. 3]. D 



The sheaf T defines defines the scheme-theoretic image |Har77l II, Ex. 3. 11(d)] of the 
natural map UjCj^gen -^ X where we endowed the generic points Cj.gen C H with the 
open subscheme structure. 
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7.12. Proposition. Suppose that the extremal ray R = M'^[rj] is small. 
Suppose that there exists an integral surface S <Z X such that S -Ti < 0. 
Then we have a^ ■ S > 0. 

Proof. By hypothesis the cohomology class a — {Kx + S) is positive on the 
extremal ray R, moreover we know by Proposition 17.31 that a is positive on 

Thus, up to replacing a by some positive multiple, we can suppose that 
a — {Kx + S) is positive on NA(X) \ {0}. Since X is a Kahler space this 
implies by Corollarv l3.14l that a — {Kx + 5) is a Kahler class. In particular 
we have 

[a - {Kx + 5)]2 • 5 > 0. 

Let TT : S" — 7- S be the composition of normalisation and minimal resolution 
(cf. Subsection 14. Ap . By Q we have Ks' + E = tt*Ks with E an effective 
divisor. Since {a — {Kx + S))\s is a Kahler class, we see that TT*a — {Ks' +E) 
is a nef and big class. Note that this implies 7r*a 7^ 0: otherwise —Kgi — E 
would be nef and big, so —Kg' is big. In particular 5" would be projective 
and contain infinitely many curves on which a is zero, a contradiction. 

Since the class 7r*a is non-zero and nef the Hodge index theorem yields 

[7r*a - {Kg' + E)] ■ 7r*a > 0. 

We will now argue by contradiction and suppose that (7r*a)^ = a^ ■ S = 0. 
Then the equality above implies 

(9) - Ks' ■TT*a> E- TT*a > 0. 

Thus Kg/ is not pseudoeffective, hence S' is uniruled and H'^{S',Osi) = 0. 
In particular we can see the nef class 7r*a as an M-divisor on the projective 
surface S' . Since 7r*a is nef and S' is a surface, it is an element of NM(S'') the 
closure of the cone of movable curves. The extremal ray R contains only the 
classes of finitely many curves, so 7r*a is strictly positive on every movable 
curve in S' . 

Fix an ample divisor A on S". By [AralOl Thm.1.3] for every e > we have 
a decomposition 

where Aj^^ > 0, {Ks' + £A) • C^ > and the Mj_e are movable curves. Since 
(7r*a)^ = and 7r*a • Mj^g > we see that ■K*a = Cg for all e > 0. Passing 
to the limit we obtain Kg' ■ vr*^ > 0, a contradiction to ([9]). D 

7.13. Proposition. Suppose that the extremal ray R = M^[rj] is small. 
Suppose that there exists an integral surface S C X such that S ■ Ti < 0. 
Then C is contractihle. 

33 



Proof. By Proposition 17.12] the restriction a\s is a class that is nef and big. 

Let r] : S ^ S he the normahsation, and let z^ : S" — )• S" be the minimal 
resolution in every point of Ssmg H r]^^{C). Set tt := t] o v. Then the set- 
theoretical preimage tt~^{C) is a finite union of curves that contains the 
z^-exceptional locus. By Proposition 17. 12l the cohomology class /3 := 7r*a|5' is 
nef and big. If C is any effective divisor with support in 7r~^(C) then 7r*C 
has support in C, hence 

/3 . C7' = a • TT^C = 0. 

By the Hodge index theorem this implies that (C)^ < 0. Thus the intersec- 
tion matrix of 7r~^(C) is negative definite, hence 7r~^(C) is contractible by 
Grauert's criterion. By the rigidity lemma the contraction of 7r~^(C) factors 
through the resolution u, so we see that r]~^{C) C 5 is contractible. 

Thus there exists a strongly pseudo-convex open neighbourhood U C S oi 
r]~^{C), |Gra62) . If U is chosen small enough, then we have r]~^rj{U) = U, 
since r/ is a normalisation. Thus U := r]{U) is an open neighborhood of C in 
S, but it might not be strongly pseudo-convex. We choose a desingularisation 
a : X' ^>- X with strict transform 5' C X' such that S' is smooth. Note 
that the map S' ^ S factors via the normalisation rj. Let r : S" ^ S" be 
the induced map, and set C" = t~^{C). Then C" C 5' is contractible and 
U' := T~^{U) is a strongly pseudo-convex neighbourhood of C" in S'. Let 
now m be the Cartier index of S C X. Then we have 

dimH {U' ,U!rnU'\U') = oo. 

Let J' be the ideal sheaf of U' in X'. Since U' is strongly pseudo-convex we 
have 

dim H\U',j''/J^+^®UmU') < oo 

for all k G N. Thus we have 

diuiH {mU',u!mU') = co- 

Via the natural map {(T\mU')*^mU' ^^ ^mll we see that 

dim H°{mU,uJmu) / 0. 

By adjunction we have UJmU = {^x®C)xi'mS))\mU Let / be a positive integer 
such that IKx is Cartier. Then Ox{lKx + lmS)\raU is a Cartier divisor on 
mU that is isomorphic to ^^u in the complement of finitely many points. 
Since the surface U is Cohen-Macaulay (hence S'2), we see that 

dim H^{mU, OmuilKx + ImS)) / 0. 
We conclude by Lemma 17.111 D 

7.14. Theorem. Suppose that the extremal ray R = ]R^[rj] is small, and 
let C be the locus covered by curves in R (cf. Notation \7.10\) . Then C is 
contractible. 
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Proof. Let Kx = X^fci ^^j^j + ^i^x) be the divisorial Zariski decomposi- 
tion (0). Since R is i^x-negative, we have Sj ■ R < for some j € {1, ■ ■ ■ ,r} 
or N{Kx) ■ R < 0- In the first case we conclude by Proposition 17.131 Thus 
we can suppose that N{Kx) ■ R < 0- 

Step 1. Positivity of a. Let a G N^{X) be as in Proposition 17.31 By 
definition of the class a, the class —N{Kx) + a is positive on the extremal 
ray R. Since a is strictly positive on 

we can suppose, up to replacing a by some positive multiple, that —N(Kx^^ 
a is strictly positive on this cone. Hence —N{Kx) + a is strictly positive 
on NA(X). Thus we know by Corollarv F3. 141 that -N{Kx) + a is a Kahler 
class, i.e. we have 

a = N{Kx) + [ujl 
where a; is a Kahler form. The class N{Kx) is modified nef, so the class 
N{Kx)'^ is pseudoeffective. Since a is nef we have a ■ N{Kx)'^ > 0. Thus 
we have 

a^ = a- N{Kxf + 2a ■ N{Kx) • M + a • [ujf > a ■ [uj]^ > 0, 

where the last inequality follows from the Hodge index theorem. This proves 
that the class a is big. Hence a contains the class of a Kahler current |DP04| 
Thm.0.5]. The non-Kahler locus of a contains the union of the curves C C X 
such that a-C = 0. By the definition of a these are exactly the curves whose 
class lies in the extremal ray R. However, a priori, the non-Kahler locus may 
also contain some curves B with a ■ B > 0. 

Since a is the sum of a Kahler class and a modified nef class, it is a modified 
Kahler class |Bou041 Defn.2.2]. Thus by |Bou04[ Prop.2.30 there exists a 
modification n : X —^ X and a Kahler class a on X such that n^,a = a. 
Since a — ^*a is /i-nef, the negativity lemma [KM98| Lemma 3.39] implies 
that we have 

(10) n*a = a + E 

with E an effective //-exceptional M-divisor. Let now Ci C X he an irre- 
ducible curve such that [Ci] G R, and set Di for the support of fi~^{Ci). 
Then we have a\ci = 0, so by (llOp we have 

—e\d, = "Ia- 



Proposition 2.3. in |Bou04| is for compact complex manifolds, but the proof goes 
through without changes for a variety with isolated singularities. A different way to obtain 
the decomposition is to take a resolution of singularities i/ : X' ^ X and consider the nef 
and big class v*a. The non-Kahler locus is the union of the i/-exceptional locus and the 
strict transforms of the curves in the non-Kahler locus of a. By |Bou021 Thm.3.1.24] there 
exists a modification fi' : X ^ X' and a Kahler class a on X such that (/i')*i^*a = a + E 
where E is an effective R-divisor. Then jj, := v o jj.' has the stated properties. 
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Thus — -EId; is ample. If i? C X is an arbitrary curve contained in the image 
of the exceptional locus, and Db the support of fx~^{B), we still have 

-E\db = "Idb - {fJ'*Oi)\DB- 

Thus we see that —E is /i-ample, in particular its support is equal to the 
/i-exceptional locus. Since ampleness is an open property we can find an 
effective Q-divisor E' C X that is /u-ample and such that —E'\£)^ is ample 
for all I. Up to taking a positive multiple we can suppose that E' has integer 
coefficients. We set 

/Cm := ^i*Oj^{-mE'), 

and we claim that there exists a tti £ N such that the restriction ICm\ci 
is ample for all j. Note that this implies that the quotient (/Cm//C^)|c, is 
ample for all j. 

Step 2. Proof of the claim. By relative Serre vanishing there exists an itiq € N 
such that 





R'fi^O^{-mE') = y i>0,m>mo 


and 




(11) 


R'fi^Oji{-Di-mE') = y i>0,m>mo 



and all I. Moreover we know by |Anc82| Thm.3.1.] that there exists an 
mi £ N such that the direct image sheaf 

is ample for all m > mi and /. 

Fix now an 771 > max{m-o,mi} and consider now the exact sequence 

-^ Ox{-Di - mE') -^ Ox{-mE') -^ O^i-mE') (g) Od^ ^ 0. 

Pushing the sequence down to X and using (llip we obtain an exact sequence 

-^ fi^O^{-Di-mE') -^ fi,.O^i-mE') -^ (/x|Dj*(C'^(-m^')®C'Dj -^ 0. 

Since the inclusion Oj^{—Di —mE') —?■ 0-^{—mE') vanishes on Di, its direct 
image 

^i^Ox{-Di - mE') -^ n^Oj^{-mE') 

vanishes on Ci = ^i.{Di). In other words we have 0-^{—Di — mE') C 
J ■ Oj^{—m,E') where J is the full ideal sheaf of Ci. Thus we have an 
epimorphism 

fi,0<i{-mE') (g) Oc, -^ {fi\D,)*{Oj^{-mE') (g, Od,), 

which is generically an isomorphism. In particular, fi^^O j^{—mE') ® Oci is 
ample. This proves the claim. 

Step 3. Conclusion. The ideal sheaf fCm defines a 1-dimensional subspace 
A C X such that C C A. We can now conclude as in the proof of Lemma 
17.111 let I C Ox be the largest ideal sheaf on X that coincides with /Cm in 
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the generic point of every irreducible curve Ci <Z C such that [C;] € R. For 
every curve Q, the natural map 

iK'm/K.m)\Ci -^ {^/l- )\Ci 

is generically an isomorphism. Since (/Cm/^m)ICi is ample and Q is a curve, 
this implies that (X/X^)|cj is ample. Thus X/X"^ is ample on its support C. 
By |AT84| Cor. 3] there exists a holomorphic map u : X ^ X' contracting 
each connected component of C onto a point. D 

8. Running the MMP- Proof of Theorems 11.11 and II .21 

The following statement is well-known to specialists, we include the proof 
for the convenience of the reader. 

8.1. Proposition. Let X he a normal Q-factorial compact Kdhler space 
with at m.ost term,inal singularities. Let M^[rj] he a Kx -negative extremal 
ray in NA{X). Suppose that there exists a morphism if : X —^ Y onto a 
normal complex space Y such that —Kx is ip-ample and a curve C C X is 
contracted if and only if [C] € M"'"[rj]. 

a) We have an exact sequence 

(12) ^ if2(y,M) ^ H'^{X,R) '^'^'^^ M ^ 0. 

In particular we have b2{X) = b2(Y) + 1. 
h) We have an exact sequence 

(13) ^ Pic(y) ^ Pic(X) ^^^^'^^ z. 

c) If the contraction is divisorial, the variety Y has at most terminal 
Q-factorial singularities and its Picard numher is p{X) — 1. 

d) If the contraction is small with flip X~^ — )• Y , the variety X'^ has at 
most terminal Q-factorial singularities and its Picard numher is p{X). 

Proof. Note first that the morphism (/9 is projective since —Kx is C/9-ample. 

Moreover by |KMM87[ 1-2-5], |Nak87| we have R^tp^Ox = for all j > 1. 

In particular Y has at most rational singularities. 

Proof of statement a). By |KM92l 12.1.3.2] the pull-back H'^{Y,R) -^ 

H'^{X,R) is injective. Moreover by |KM921 Thm.12.1.3] the cokernel of the 

dual map is generated by classes of curves being contracted by if. Since a 

curve is contracted by (/? if and only if its class is in M+ [P j] , the exactness of 

(fTll follows. 

Proof of statement h). The non-trivial part of this statement is to prove that 

if L is a line bundle on X such that L • Pj = 0, there exists a line bundle L' 

on Y such that L ~ (p*L' . Note that if such a L' exists, we have 

L' ~ ip^L. 

Thus L' is unique up to isomorphism and it is sufficient to prove that the 
direct image sheaf (fj^L is locally free. This is a local property, so fix an 
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arbitrary point y G Y and a small Stein neighbourhood y G U C Y. Set 
Xu := f~^{U), then the morphism / := ip\xu '■ ^U — ^ U satisfies the 
conditions of the relative base point free theorem |Anc871 Thm.3.3]. Thus 
L^^lxu is /-globally generated for all b ^ 0. The base U being Stein we 
see that L^'^lx^ is globally generated for all 6^0. Since L is /-numerically 
trivial we have 

L^'lxu^rM, L^'+'ix^c^rN 

for some line bundles M and N on U. In particular we have f^,(L\x^) — 

N(8)M*. 

Proof of statements c) and d). These are a well-known consequences of 
statement b), compare the proof of |Deb01| Prop. 7. 44]. D 

8.2. Proposition. In the situation of Proposition \KT\ suppose that X is a 
threefold. Then we have an exact sequence 

(14) ^ N^ {Y) ^ iVi (X) ''^'^■^^ M ^ 0. 

Before we can prove this statement we need two technical lemmas: 

8.3. Lemma. Let X he a normal compact Kdhler space with at most rational 
singularities. Then there exists a natural (i.e. functorial) injection 

i -.N^iX) ^ H^{X,R). 

Proof. Note first that if the map N^(X) — > H'^(X,W) exists, it is injective. 
Indeed if /i : X' — ?> X is a resolution of singularities by some compact Kahler 
manifold, the pull-backs N\X) -^ N^X') and H'^{X,R) -^ H^{X',R) 
are injective by Lemma 13.31 and the rationality of the singularities, see e.g. 
|Kirl2l Prop. B. 2.4]. Moreover the natural map N^{X') ^ H'^{X',R) is 
injective by classical Hodge theory, so N^{X) ^-> H'^{X,R) is injective by 
functoriality. 

Since X is Kahler we can find a base of N^{X) such that each class is 
represented by a Kahler form. Thus the map N^{X) -^ H'^{X,R) exists by 
the construction in |Gra62| p. 346]. D 

8.4. Lemma. Let X be a normal compact Kdhler space with at most rational 
singularities. Let (p : X ^ Y be a morphism with connected fibres onto a 
normal compact variety Y in class C which has at most isolated rational 
singularities. Let a E N^{X) C H'^{X,R) be a class such that a = ip*/3 with 
P G H'^{Y,R). Then there exists a smooth real closed {l,l)-form uiy on Y 
such that a = (f* [wy] . 

Proof. Step i. Reduction to the case where X is smooth and if a desingu- 
larisation. Let fiy : 1^' ^ 1^ be a desingularisation by a compact Kahler 
manifold. Let /j, : X' ^ X he a desingularisation of X such that we have 
a factorisation (p' : X' ^ Y' satisfying ip o ^ = fiy ° '^' ■ Then we have 
fi*a = {p')* o (/xy)*/3 in H'^{X',R). Since X' and Y' are smooth, we have 

N^{X') = H^'\X')nH'^{X',R), N'^{Y') = H^'\Y') n H'^{Y' ,R), 
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moreover the pull-back of coliomology classes is a strict morpliism in the 
sense of Hodge theory. Since /i*a G N^{X'), this implies that (/xy)*/3 G 
N^{Y'). Yet Y' is smooth, so there exists a smooth real closed (1, l)-form 
uy such that [uy] = (/iy)*/?. 

Step 2. Suppose that X is smooth and ip a desingularisation. Let w be a 
smooth real closed (1, l)-form such that [u] = a. Fix a point y € K;mg and 
set E := (p~^{y). We will prove that there exists a form w' such that [uj'] = a 
and a neighbourhood E C U' such that uj'Ijji = 0. It is then clear that w' 
descends to Y. Let now C/y C 1" be a Stein neighbourhood of y that retracts 
onto y. Note that this implies H^(Uy,Ouy) = and H'^{Uy,^) = 0. Set 
U := ip~^{UY)- Since Y has at most rational singularities the Leray spectral 
sequence implies that H^{U, Ou) = 0. Consider now the exact sequence 

^ M ^ Oc7 ^ 7^,7 ^ 0, 

where T-Lu is the sheaf of pluriharmonic functions on U . By the preceding 
vanishing we have an injection 

Moreover we have by |HL83l Cor. 2] an isomorphism 

In particular we can consider [oj\u] as a class in H^{U,'Hjj)- Since a\u = 
'P*^\uy with /3|[/y G i?2([/y,M) = 0, we see that [uj\u] = 0. Thus there 
exists a function / € JP{U) such that uj\u = ddf. Let now o" be a bump 
function around y with support in Uy. Then we have {a o ip) ■ f ^ A^{X) 
and 

dd{{a oip)- f) =uj 

on some open neighbourhood E C U' . We set uj' := uj — dd{{ip*a) • /). Since 
this construction is local around y we can repeat it for every y in the finite 

set -ising- I — I 

Proof of Proposition \8.2[ By Lemma 13.31 the map N^{Y) — )■ N^{X) is in- 
jective. Suppose now that L G N^(X) such that L • Fj = 0. By the exact 
sequence ([T2D we have L = ip*M with M G H'^(Y,R). Note now that Y 
has at most isolated singularities since the terminal threefold X has at most 
isolated singularities. Thus we know by Lemma 18.41 that M G N^{Y). D 

8.5. Corollary. Let X be a normal Q-factorial compact Kdhler threefold 
with at most terminal singularities. Let M+[Fj] he a Kx -negative extremal ray 
in NA{X). Suppose that there exists a bimeromorphic morphism ip : X —^ Y 
such that —Kx is ip-ample and a curve C C X is contracted if and only if 
[C] G M"'"[F,]. Then Y is a Kdhler space. 

Proof. Let a be a nef supporting class (cf. Proposition 17. 3p for the extremal 
ray M'''[Fj]. Then a • Fj = 0, so by Corollary 18.21 we have a = p*{a') with 
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some a' £ N^{Y). Since a • /3 > for all /3 G NA(X) \ R+lTi] and the map 
f* : NA(X) -^ NA(Y) is surjective by Proposition 13.101 we see that a' is 
strictly positive on the closed cone NA{Y). Hence a' is a Kahler class by 
Theorem 13.161 once we have verified that Y does not contain an irreducible 
curve C homologous to 0. This is clear if the extremal ray M'*"[rj] is small 
or (f contracts a divisor to a point. Suppose now that (p contracts a divisor 
E to a, curve C' CY; this curve being the only candidate for a curve being 
homologous to 0. Since the morphism ip\E : E ^ C is projective, so does E, 
and thus there exists a curve C C E C X such that (p{C) = C . Thus for 
some positive number d we have 

a' ■ {dC') = a' ■ c/?*(C) = a • C > 0, 

since / [C] G NA(X) and [C] R+[Ti]. Thus we have [C] ^ 0. D 

Proof of Theorem \1.3[ The existence of a morphism ip : X —^ Y contracting 
exactly the curves in the extremal ray is established in the Corollaries I7.7| 
17.91 and Theorem 17.141 Moreover y is a Kahler space by Corollary 18.51 D 

Proof of Theorem \l.l\ Step 1: Running the MMP. If Kx is nef, we are fin- 
ished. If Kx is not nef, there exists by Theorem 1 1.21 a i^x-negative extremal 
ray R in NA(X). By Theorem 11.31 the contraction (p : X ^ Y oi R exists. 
If R is divisorial we can continue the MMP with Y by Proposition 18. H e) . If 
R is small, we know by Mori's fiip theorem [ Mor88| Thm. 0.4.1] that the fiip 
(p^ : X'^ — )■ Y exists, and by Proposition 18. H d) we can continue the MMP 
with X+. 

Step 2: Termination of the MMP. Recall that for a normal compact threefold 
X with at most terminal singularities, the difficulty d{X) |Sho85| is defined 
by 

d{X) := #{i I m < 1}, 

where Ky = ^*Kx+Y2 (^i^i ^^d n : Y ^ X is any resolution of singularities. 
By ; KMM871 Lemma 5.1.16], |Sho85j we have d{X) > d{X+), if X+ is the 
flip of a small contraction. Since the Picard number and the difficulty are 
non-negative integers, any MMP terminates after finitely many steps. D 
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